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Abstract 

Let p be an odd prime, and let m be an integer with p\ m. In this paper show that 
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1. Introduction 

Let [x] be the greatest integer not exceeding x. For a prime p let Zp be the set of 
rational numbers whose denominator is not divisible by p. Let {P„(x)} be the Legendre 
polynomials given by 


Po{x) = 1, Pi{x) = X, (n + l)Pn+i{x) = (2n + l)xPn{x) - nPn-i{x) (n > 1). 
It is well known that (see [MOS, pp. 228-232], [Bl] and [B2]) 



From (1.1) we see that Pn{—x) = (—l)”P„(x). 

Let p > 3 be a prime. In 2003 Rodriguez-Villegas [RV] conjectured that 
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In 2005 Mortenson [M] proved these congruences modulo p, in 2012 Z.W. Sun [Su3] 
confirmed (1.2). Motivated by Mortenson’s work, in [Sul,Su2] Z.W. Sun posed many 
conjectures concerning the following sums modulo p^: 
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where m is an integer with p\m. In [S2-S5] the author solved some of his conjectures by 
establishing the following congruences: 
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It is easily seen that (see [SI, pp.1916-1917, 1920], [S3, p.l953] and [S5, p.l82]) 
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Let p be an odd prime, a G Zp and let {a)p G {0,1,... ,p—1} be given by a = {a)p (modp). 
In [S6], the author proved that 
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After reading the author’s preprint (arXiv:1101.1050) involving (1.4)-(1.6), in the email 
to the author on January 11, 2011 Wadim Zudilin wrote: “It’s probably worth mentioning 
that the proofs of Theorems 2.1, 2.4 and possibly Theorem 3.1 from your arXiv: 1101.1050 
can be simplified. Your congruences assume the form 
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where a = 1/3, 1/4 or 1/6 (1/2 is possible as well). Note that this follows from the 
identity 
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truncated to p terms. If /c > p/2, then the coefficients on both sides are 0 (mod p‘^) (as 
you already used in the proof, e.g., of Theorem 2.1).” In the email on January 15, 2011 
Zudilin wrote: The identity is a combination of the Gauss quadratic transformation ([Ba, 
p.88, Eq. (2)]) 
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and Clausen’s original identity ([SI, p.75, Eq.(2.5.7)]) 
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Let p be an odd prime and a G Zp. In this note, inspired by Zudilin’s comments we 
give an elementary proof of the following generalization of (1.4)-(1.6): 
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As an application, for m G with m ^ 0 (mod p) we show that 
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2. Main results 


Lemma 2.1 ([S3, Lemma 3.2]). For any nonnegative integer n we have 

As Zudilin noted, Lemma 2.1 can also be deduced from Clausen’s identity, Gauss’ 
quadratic transformation for hypergeometic series and (1.1). 

Theorem 2.1. Let p be an odd prime and a G Zp. Then 

^ (T) 0 ( \ ^ P(a)JVl-4x)2 = Pp_i_(a>,(Vl-4x)2 (mod p). 

Proof. By Lemma 2.1, 
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To complete the proof, we note that Pp_i_^a)p(^) = P{a)p{t) (mod p) by [S4, Lemma 2.2], 
Remark 2.1 In the cases a = Theorem 2.2 was given by the author 

in [S2, Theorem 4.1], [S3, Theorems 3.2 and 4.2] and [S5, Theorem 4.1]. 

Corollary 2.1. Let p be an odd prime and a,x G Zp. Then X]fc=o Ck) it) (~ ^ 

0 (mod p) implies 

P{a)pW^ - 4x) = Pp_i_(a)p(Vl - 4x) = 0 (mod p). 

Proof. By (1.1), 

p„(^/r^) = (r)!-!)^'" “ “)(1 - 4x)[«l-‘, 
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Thus Pn(\/1 ~ 4x)^ = 0 (mod p) implies = 0 (mod p). Now applying 

Theorem 2.1 we deduce the result. 

Lemma 2.2. For any nonnegative integer n we have 



Proof. Let Si{n) and 52(n) be the sums on the left and right hands of the identity, 
respectively. Using Maple and the Zeilberger algorithm we find that for i = 1, 2, 

n^Si{n) = (2n —l)(n^ —n —2a(a+l))5i(n —l) + (n —l)(2a+n)(2a+2 —n)5j(n —2) (n > 2). 


Since 5i(0) = 1 = 52(0) and 5i(l) = —2a(a + 1) = 52(1), applying the above we deduce 
that 5i(n) = 52 (n). 

Remark 2.2 In the cases a = — the identity was given by the author in 
[S2,S3,S5]. 

Theorem 2.2. Let p he an odd prime and a G Zp. Then 



x))^ (mod p^). 


Taking a = m Theorem 2.2 and then applying (1.7) we get (1.4)-(1.6). 

Thus, Theorem 2.2 is a generalization of (1.4)-(1.6). 
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Thus, applying Lemma 2.2 we see that 
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For 0 < k < p—1 we see that p \ (^) for k > {a)p. For 0 < k < {a)p and p — k<r<p—I 
we see that r>p — k>p — 1 — {a)p and so p \ Hence for 0 < A: < p — 1 and 

p - < r < p - 1 we have p I (“) p | (“ fc““) (“) and so p^ | (“) (-\-“) (“) 

Now combining all the above we deduce the result. 

Theorem 2.3. Let p be an odd prime and m G l^p with m ^ 0 (mod p). Then 
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By Theorem 2.2, 
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Thus the result follows. 

1 _i 

'2’ 3’ 4’ 6 


Taking a = in Theorem 2.3 and then applying (1.7) we deduce the 


following result. 

Corollary 2.2. Let p be an odd prime, and m G Zp with m ^ 0 (mod p). Then 
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We remark that Corollary 2.2 can be easily deduced from [S2, Theorem 4.1], [S3, 
Theorems 3.2 and 4.2] and [S5, Theorem 4.1]. 

Theorem 2.4. Let p he an odd prime and u G Zp. 

(i) (mod p) and yig CkfCk)(o^L)^)^ = 0 p), then 
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Proof. This is immediate from Corollary 2.2 and [S7, Corollaries 3.1 and 5.2]. 
Corollary 2.3. Let p > 3 be a prime. Then 
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and 


p-l |'2A:\2/3fc\ 

0 (mod for p = 11,14 (mod 15). 

k=0 

Proof. Taking u = —^ in Theorem 2.4(i) and then applying (1.2) we obtain the first 

congruence. Taking u = 1 in Theorem 2.4(i) and then applying [S2, Theorems 4.6] we 

obtain the second congruence. 

Remark 2.3 Let p be a prime of the form 6/c + 5. In [S7] the author proved that 

_ (2k\2/3k\ _ /2k\2^3k\ 

J2k=o ^ 1458 ^*" ' ^ ^ (mod p) and conjectured that Ylk=o ^ ^ (mod p^). 

Acknowledgment 

The author is indebted to Wadim Zudilin for his contribution to Theorem 2.2. See com¬ 
ments in Section 1. 

References 

[Ba] W. N. Bailey, Generalized hypergeometric series, Cambridge Math. Tracts 32 
Cambridge Univ. Press, Cambridge ,1935; 2nd reprinted edition, Stechert-Hafner, 
New York-London, 1964. 

[Bl] H. Bateman, Higher Transcendental Functions, Vol.I, McGraw-Hill, New York, 
1953. 

[B2] H. Bateman, Higher Transcendental Functions, Vol.H, McGraw-Hill, New York, 
1953. 

[MOS] W. Magnus, F. Oberhettinger and R.P. Soni, Formulas and Theorems for the 
Special Functions of Mathematical Physics {3rd ed.), Springer-Verlag, New York, 
1966, pp. 25-32. 

[M] E. Mortenson, Supercongruences for truncated n+iFn hypergeometric series with 
applications to certain weight three newforms, Proc. Amer. Math. Soc. 133(2005), 
321-330. 

[RV] F. Rodriguez-Villegas, Hypergeometric families of Calabi-Yau manifolds in: Noriko 
Yui, James D. Lewis (Eds.), Calabi-Yau Varieties and Mirror Symmetry , Toronto, 
ON, 2001, in: Fields Inst. Commun., vol. 38, Amer. Math. Soc., Providence, RI, 
2003, pp.223-231. 

[SI] L. J. Slater, Generalized hypergeometric functions, Cambridge Univ. Press, 
Cambridge, 1966. 

[51] Z. H. Sun, Gongruences concerning Legendre polynomials, Proc. Amer. Math. Soc. 
139(2011), 1915-1929. 

[52] Z. H. Sun, Congruences involving J- Number Theory 133(2013), 1572- 

1595. 


7 



[53] Z. H. Sun, Congruences concerning Legendre polynomials II, J. Number Theory 
133(2013), 1950-1976. 

[54] Z. H. Sun, Congruences eoneerning Legendre polynomials III, Int. J. Number The¬ 
ory 9(2013), 965-999. 

[55] Z. H. Sun, Legendre polynomials and supercongruences, Acta Arith. 159(2013), 
169-200. 

[56] Z. H. Sun, Generalized Legendre polynomials and related supercongruences, J. 
Number Theory 143(2014), 293-319. 

[57] Z. H. Sun, Congruences for Domb and Almkvist-Zudilin numbers, 
arXiv:1302.1715v7, 2015. 

[Sul] Z.W. Sun, Open conjectures on congruences, arXiv:0911.5665v59, 2011. 

[Su2] Z.W. Sun, Super congruences and Euler numbers, Sci. China Math. 54(2011), 
2509-2535. 

[Su3] Z. W. Sun, On sums involving products of three binomial coefficients, Acta Arith. 
156(2012), 123-141. 



